arXiv:l506.02223v2 [math.DS] 23 Jun 2015 


RENORMALIZATION OF HENON MAP IN ARBITRARY DIMENSION I 
: UNIVERSALITY AND REDUCTION OF AMBIENT SPACE 

YOUNG WOO NAM 


Abstract. Period doubling Henon renormalization of strongly dissipative maps is gener¬ 
alized in arbitrary finite dimension. In particular, a small perturbation of toy model maps 
with dominated splitting has invariant C surfaces embedded in higher dimension and the 
Cantor attractor has unbounded geometry with respect to full Lebesgue measure on the 
parameter space. It is an extension of dynamical properties of three dimensional infinitely 
renormalizable Henon-like map in arbitrary finite dimension. 
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1. Introduction 

Universality of one dimensional dynamical system was discovered by Feigenbaum and inde¬ 
pendently by Coullet and Tresser in the mid 1970’s. Moreover, the universality of the higher 
dimensional maps is conjectured by Coullet and Tresser in |CT] . The similar universality 
properties are expected in higher dimensional maps which are strongly dissipative and close 
to the one dimensional maps. In particular, renormalizable maps with period doubling type 
are interesting in higher dimension. Universality of two dimensional strongly dissipative 
inhnitely renormalizable Henon-like maps was introduced in |CLMj . The Cantor attractor 
of Henon-like map is the counterpart of that of one dimensional maps but it has typically 
unbounded geometry. The same geometric properties are common in certain classes of the 
sectionally dissipative three dimensional Henon-like family in |Nam1 [ IN am 2 ^ INam3j . There 
exists the universal expression of Jacobian determinant of inhnitely renormalizable three 
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dimensional Henon-like maps but it does not imply the universal expression. However, un¬ 
bounded geometry of Cantor attractor were generalized in the special invariant subspace of 
inhnitely renormalizable maps in [Namll INam3] . 


This paper is about the generalization of Henon renormalization in arbitrary hnite dimension. 
In the viewpoint of a perturbation of one dimensional map in higher dimension, Higher di¬ 
mensional renormalizable Henon-like map is a counterpart of the perturbation of Misiurewicz 
maps in higher dimension which appear in |WYj ^ A certain invariant class of inhnitely 
renormalizable three dimensional maps is generalized and every results in |Namll INam3j are 
extended in arbitrary dimension. For instance, the following results are extended in arbitrary 
dimension. 


— Universality of Jacobian determinant of renormalized maps. 

— Existence of single invariant surfaces under certain conditions. 

— Existence of C'' renormalizable two dimensonal Henon-like map with invariant 
surface. 

— Unbounded geometry of Cantor attractor. 

Henon-like map F from the hypercube B to is dehned as follows 

F: (x,|/,z) ^ (/(x) -e{x,y,z), x, 5{x,y,z)) 

where /(x) is a unimodal map, z = {zi, Z 2 , ■ ■ ■, Zm) and 6 = {6^,6'^,, J™) is a map from 
B d to R™'. Let us assume that F has two hyperbolic hxed points, /Jq which has 

positive eigenvalues and (di which has both positive and negative eigenvalues. In this paper, 
we assume that both ||£|| and ||5|| are bounded above by 0{e) where k is a small enough 
positive number. Since ||<5|| is sufficiently small, each hxed point has only one expanding 
direction. We assume that the product of any two diherent eigenvalues is strictly less than 
one at hxed points of F, namely, sectionally dissipative at hxed points. Henon-like map is 
called renormalizable if lU“(/5o) intersects lU^(/3i) at the orbit of a single point. Thus F has 
one dimensional unstable manifold and codimension one stable manifold at hxed points. 

Theorem 1.1 (Universality of Jac R^F). Let F be the m-\-2 dimensional infinitely renor¬ 
malizable Henon-like map. Then 

Jac R^F = 62"a(x)(l + 0{p^)) 

where b = bp is the average Jacobian of F, a(x) is the universal function for p G (0,1). 


Let the Henon-like map with the condition dz^s = 0 for all 1 < j < m be the toy model map , 
say Fmod as follows 

Tmod(a;,|/,z) = (/(x)-£(x,|/), X, (5(x,|/,z)). 

If Fmod is inhnitely renormalizable, then renormalization of FAod contains two dimensional 
renormalized map with universality 

TT^y O R^F^od{x, y, z) = R!^F2d{x, y) = {fn{x) + a(x) y{l + 0(p")), x) 

^The claim for counterpart might require renormalizable higher dimensional Henon-like map has rank one 
attractor. Renormalizable two dimensonal Henon-like maps have one dimensional global attracting set in 
[LM| and by slight modifying proof can show that it is true for higher dimensional Henon-like maps. But 
we would not deal with this fact in this paper. 
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where hi is the average Jacobian of the two dimensional Henon-like map for some 0 < p < 1. 

If 11 (511 -C 6i, then there exists the continnons invariant plane field over the critical Cantor set 
nnder the ZJFmod- Moreover, F is a small perturbation of the model map, that is, e{x, y, z) = 
^ 2 d{x,y) + e{x,y,z) and max{ | 1 < j < then it also has continnons invariant 

plane held. Furthermore, there exists a single surface Q invariant under F. Additionally 
if F is inhnitely renormalizable, then there exists an invariant surface Qn under R^F for 
each n G N as the graph of O'" map ^ from xp—plane to Zj—axis for all 

1 < j < m for 2 < r < oof Lemma 17.6p . Then two dimensional Henon-like map is dehned 
as follows 

(1-1) F 2 d,^ix,y) = {f{x) - e{x,y,$,), x) 

where Q = graph(^) is a invariant surface under F. Then universality theorem of 
inhnitely renormalizable Henon-like maps are obtained. 

Theorem 1.2 (Universality of Henon-like maps with invariant single surfaces for 2 < r < oo). 
Let Henon-like map F 2 d,^ be the O'" map for some 2 < r < oo which is defined in fll.ip . Sup¬ 
pose that F 2 d, ^ is infinitely renormalizable. Then 

R^F 2 d,^ = ifnix)-bf;,,aix)yil + Oip-)), x) 

where hi^ 2 d is the average Jacobian of F 2 d,^ and a{x) is the universal function for some 

0 < p <1. 

Cantor attractor of Henon-like map also has the geometric properties which are the same 
as that of Cantor attractor for analytic maps. In particular, the critical Cantor set has 
unbounded geometry fTheorem 19.2p . Moreover, all of these dynamical properties of Can¬ 
tor attractor are generalized in higher dimensional Henon-like map F through its invariant 
surfaces. 

1.1. Notations. For the given map F, we denote the set A is related to F to be A{F) or 
Ap. F can be omitted if there is no confusion without F. The domain of the function F is 
denoted to Dom(F) and the image of the set B under a function F is denoted to be Im(F). 

F\a is called the restriction F on A where A C Dom(F). If F{B) C B, then we call B is an 
(forward) invariant set under F. 

Let the projection from to its x—axis, p—axis and z—axis be tTx, 'Xy and respectively. 
Moreover, let the projection from to xp—plane be and so on. The derivative of the 
map / is expressed as Df. The chain rule implies that D{f o g){w) = Df o g{w) ■ Dg{w). 

In this paper, the boldfaced letter means the condensed expression with m coordinates. For 
example, 

Z = (Zi, . . . , ^ = (^', • • • , aud | = (e\ • • • , C)- 

The dot product of two objects presented boldfaced letters, say A and B means the inner 
product of them. Denote it by A ■ B. Let the set distance distmin(-R, S) be the minimal 
distance between two sets, R and S 

distmin(F, S) = inf { dist(r, s) for all r G F and s E S } . 

Denote the set of periodic points of F to be Per^?. The orbit of the point w under the map / 
is denoted to be Orb(tc,/). Denote the (complete) orbit of w to be Orb(tc) unless the map 
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is emphasized or is ambiguous on the context in the related description. A = 0(B) means 
that there exists a positive number C such that A < CB. Moreover, A ^ B means that 

there exists a positive number C which satishes —B < A < CB. 

o 

2. Henon renormalization in higher dimension 

2.1. Henon-like maps in higher dimension. Let be the domain of two dimensional 
Henon-like map and it is the square region with the center origin. Let B be the box domain 
which is a thickened domain of two dimensional Henon-like map, that is, B = B 2 d x [—c, c]^ 
for some c > 0 and a fixed positive number m. Let us dehne the m-|-2 dimensional Henon-like 
map on the hypercube B as follows 

(2.1) F{x, y, z) = (f(x) - e(x, y, z), x, (5(x, y, z)) 

where / : —)■ is a unimodal map, z is (zi, 2 : 2 , • • •, Zm) and <5 = (5^, 5^,..., (5™) is the 

map from B to M"* . For simplicity, let us assume that the length of each side of B is same. 
Denote the domain, B = H x Y where H is the line parallel to x-axis and Y = H x H 
where H is the line parallel to y-axis and H is the hypercube [—c, c]^. 

Remark 2.1. On the following sections, some objects defined on the two dimensional space 
has the subscript 2d. For example, i? 2 d is the square domain of the two dimensional Henon- 
like map and F 2 d is the two dimensional Henon-like map defined on B 2 d- However, same 
notation without any index indicates the m -|- 2 dimensional object. For instance, F and B 
are the higher dimensional Henon-like map and its box domain respectively. 

Observe that the image of the codimension one hyperplane, {x = O} under F is contained 
in the codimension one hyperplane, {y = O}. 



Figure 2.1. Image of {x = const.} under higher dimensional Henon-like map 
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In this paper, higher dimensional analytic Henon-like maps in fl2.ip have the following prop¬ 
erties. 

— F is orientation preserving map. 

— / has non flat nnique critical point in I^. 

— Both ||e|| < e and ||<5|| < 5 with sufficiently small positive numbers e and 5. 

— F has only two fixed points one of which, say /^o, has only positive eigenvalues. 

— F is sectionally dissipative at fixed points, that is, any product of two eigenvalues of 
each fixed point has the absolute value strictly less than one. 

— The fixed points, /So and (di have codimension one stable manifold and one dimensional 
unstable manifold. 

The orientation preserving higher dimensional Henon-like map is called renormalizable if 
lT“(/So) and intersects in the single orbit of a point. Observe that sectional dis¬ 

sipativeness imply that each fixed point has condimension one stable manifold and one 
dimensional unstable manifold. 

Let Pq G Orbz(tc) be the point which is farthest point from f3i along the component of 
^ioc(A) which contains /Si. Let p^ = F^(po) for each k E Z. Then po and the forward orbit 
of po are on The local stable manifold of p_„, Wi^^{p-n) where n < 0 is pairwise 

disjoint component of 1T®(/Si) and W{^^{p-n) converges to 1T^(/Si) because p-n converges to 
/So as n —-|-oo. Let M_„ be the connected component of 1T^(/Si) which contains p_„, say 
to be for every n > 0. For instance, Mq denotes Moreover, we can 

define Mi as the component of 1F®(/Si) whose image under F is contained in M_i such that 
it does not have any point of Oih^iw). Mi is on the opposite side of M_i from Mq. We may 
assume that Mi is a curve connecting the up and down sides of the square domain B inside. 
Then we can easily check the curves [po,Pi]y^ and [pi,P 2 \ya which are parts of lF“(/So) does 
not intersect Mi and M_i respectively when F is renormalizable. 

2.2. Renormalization of m -|- 2 dimensional Henon-like maps. The analytic defi¬ 
nition of period doubling renormalization of Henon-like map requires conjugation which is 
not just dilation because F^ is not Henon-like map, that is, the image of the hyperplane, 
{x = C} m. B under F^ is not the part of the hyperplane, {y = C*}. Thus we need non-linear 
coordinate change map for renormalization. Define the horizontal-like diffeomorphism as 
follows 

(2.2) H{x, y, z) = {f{x) - e{x, y,z), y, z - 6{y, f~^{y), 0)). 

The inverse of H, H~^ is as follows 

H~\x, y, z) = (0“^(w), y, z + d{y, f~\y), 0)) 

where <p~^ is the straightening map satisfying 0“^ o H{w) = x for w = (x, y, z). 

Let us define Dom(Tr) as the region enclosed by hypersurfaces, {f{x) — e{x, p, z) = const.}, 
{y = const.} and {zj = const.} for 1 < j < m such that the image of this region under FT is 
V X I’'. Let Uu he the space of unimodal maps defined on the set U. 
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M_2 M_i VKiJ,(/3i) Afi 



Figure 2.2. Stable and unstable manifolds at fixed points 


Proposition 2.1. Let F{w) = {f{x) — e{w), x, S{w)) be a higher dimensional Henon- 
like map and H be the horizontal-like diffeomorphism defined in fl2.2p where ||e|| < e and 
||(5|| < 6 with small enough positive numbers e and S. Suppose that the unimodal map f is 
renormalizable. Then there exists a unimodal map fi G Uy sueh that ||/i — f^\\v < Ce and 
the map H o o H~^ is the Henon-like map {x,y, z) {fi{x) — ei{x,y,z), x, di{x,y,z)) 
with the norm, ||£i|| = + £5) and ||5i|| = 0{e6 + 5“^). 

Proof. By the straightforward calculation, H o F'^ o H~^ is 

{f{f{x)—eoFoH~^{w))—eoF‘^oH~^{w), x, 6 o F o F[~^[w) — 6{x, f~^{x),0)) 

Thus the hrst coordinate function of H o F"^ o is 

f{f{x) — e o F o H~^{w)) — e o F‘^ o H~^{w). 

By the linear appoximation, we obtain the estimation of hrst coordinate function. 


f{f{x)) — eoFoH ^{w)) — e o F"^ o H ^(w) 

= - f\f{x)) -eoFo - [e{f{x), x, 0) + o (/(x), x,0) -eoFo 

m 

+ dzjE o {f{x), X, 0 ) ■ o F o H~^{w) ] + h.o. t. 
i=i 


= f{x) - VO f{x) - [/'(/(x)) -d^eo{f{x), X, 0)] •n(x) 

- (/(x), X, 0)] • dyeo{xj~^{x),0) ■ (/"^)'(x) -eoH-^iw) 
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m 


'^d;,.eo{x,f \x),0) ■ 5^ o H \w) 

i=i 

— dz-E o (/(x), X, 0) ■ 6^ o F o H~^{w) + h. o. t. 
j=i 

Let x(x) = e(x, f~^{x), 0). Then the unimodal map, /i(x) of the hrst component of TT o 
o is the following 

f{x) - VO f{x) - [f{f{x)) - d^e O (/(x), X, 0) ] • x(x). 

Thus ||/i(x) — P{x)\\ = 0(11 e||). Moreover, the norm of Siiw) is 0(||e|p + ||e|| ||5||). 
Let us estimate the the from third to (m + 2)*^ coordinate maps of iL o o Recall 

5i(tc) = d o F o H~^{w) — (5(x, /“^(x), 0). The estimation of each coordinate map of (5i is 

F o F o H-\w) - F(x, f-\x), 0) 


= (5*(x, (j) ^(w), 6 o H ^{w)) — F(x, / ^(x), 0) 

m 

= dy5^ O (x, /"^(x), 0) • (0“^(w) - f~^{x)) + ^ (9^/* O (x, /"^(x), 0) • (5^ O H-^{w) + h. o. t. 

t=i 

= dy6^ O (x, f~\x), 0) ■ (/■^)'(x) • £ O H-\w) 

m 

+ ^ dzjS^ o (x, f~^{x), 0) ■ 6^ o H~^{w) + h. o. t. 
i=i 

for 1 < z < m. Then ||(5^|| is 0(||e|| ||(5|| + ||<5|P) for all 1 < z < m. Hence, ||(5i|| is also 

odkil ll^ll + PIP). 

□ 


Dehne pre-renormalization of F as PRF = F o F^ o H~^ on Dehne H{Bl) as 

Dom(FFF) unless any other statements are specihed. Since H{Bl) is the hypercube, do¬ 
main B is recovered as the image of H{Bl) under the appropriate linear expanding map 
A(x, y, z) = (sx, sy, sz) for some s < —1. Thus we see that Dom(FFF) is A“^(F). 


Definition 2.1 (Renormalization). Let V be the (minimal) closed subinterval of F such 
that R X I’' is invariant under F o F^ o H~^ and let s: R —)■ / be the orientation reversing 
affine rescaling. With the rescaling map A(x, z/,z) = (sx, sz/, sz). The renormalization of 
the m -|- 2 dimensional Henon-like map is dehned as A o F o F^ o H~^ o A“^ on the domain 
F = F X 


FF = A o F o F^ o F"^ o A’b 


If RF is also renormalizable, we can dehne the second renormalization of F as the renormal¬ 
ization of RF. Then if F is rz times renormalizable, then the renormalization is dehned 
successively 

F”F = A„_i o F„_i o {R^-^Ff o F-di o A"!,. 

where R^~^F is the (rz — l)*^th renormalization of F for rz > 1. 

7 



Let the set of infinitely renormalizable higher dimensional Henon-like map be X(e) where 
max{ ||£||, ||(5|| } < d for small enough positive number e. We call the higher dimensional 
Henon-like map just Henon-like map unless it makes any confusion in the following sections. 


3. Critical Cantor set 


The minimal attracting set for two dimensional inhnitely renormalizable Henon-like map F is 
the Cantor set on which F acts as the dyadic adding machine. The topological construction 
of the invariant Cantor set of higher dimensional Henon-like map is exactly same as that 
of two-dimensional Henon-like map (Corollary ?? below). Thus we use the same dehnitions 
and notions of the two dimensional case in this section. 

Denote T), by 'i/jI = H~^ o A“^. Thus it is the non-linear scaling map which conjugates 
to RF on Denote hy 'ipl = F o -0^. The subscript v and c are associated to the 

maps with the critical value and the critical point respectively. Similarly, let and ijjl be 
the non linear scaling maps conjugating RF to R^F. Let 


o = 'ib^ o o D 

VV TV T CV T C T VC TV T , 




and so on. Successively we can dehne the non-linear scaling map of the level for any 
n G N as follows 


w= G { v , c }^ 

where w = (tci,..., Wn) is the word of length n and = {n, c}” is the n-fold Cartesian 
product of {u, c}. 

Lemma 3.1. Let the Henon-like map, F be inX[e). Then the derivative of the map is 
exponentially shrinking for n G N with a, that is, ||D\k(^|| < Ca'^ for every words w G IT"' 
where C > 0 depends only on B and e. 

Proof. The identical equation H o H~^ = id implies that B 

/ o f)~^{w) — e o = X. 

Thus we have = f~^{x + e o H{w)). Recall that 

eo H-^{w) = y, z + 5{y, f-^{y),0)). 

Then by the chain rule, each partial derivatives of (j)~^ is as follows 


^ The first coordinate map of H ^(w), 4> y, z) is not the inverse function of the some function fiw). 
However, is a e—perturbation of f~^{x) as follows 


f o cj) ^{w) — eoH ^{w)=x. 



^{w) = (/ ^y{x + eoH ^{w)) ■ [l + da^e o H ^{w)-dx(j) ^(w)] 
dy(j)~^{w) = {f~^)'{x + e o H~^{w)) ■ dxS o H~^{w) ■ dy(j)~^{w) + dyE o H~^{w) 


d 


^d^.eoH \w)-—S{yJ \y),0) 


i=i 


^^^ct) ^(w) = (/ ^y(x + Eo_ff ^(w)) ■ [dxE o R ^(w)-d^.(/> ^(w) + d^,E o H ^(w)]. 
for 1 < i < m. Then 

(f~^)'(x + £ O I{~^(w)) 


8x4) (w) = 


1 — (/ ^)'{x + £oH ^{w))-dx£oH ^(to) 


( 3 - 1 ) dy(j) ^{w) = 8x4 • 

8^^(t)~^{w) = 8x(t)~^{w) ■ 8^.£ o H-^{w). 


d 


8y£oH ^{w) + ^8^.£oH \w) ■ -^6^{y,f ^{y),0) 
i=i ^ 


for 1 < i < m. Let us estimate ||-D0“^||. The above equation fl3.1l) implies that x 

||(/“^)'|| and furthermore, |/o, zq) x f~^{x) for every {yo,zo) G F. The fact that 

4~^. A~^{B) —)■ TTxiBl) implies that the domain of f~^ is 7r3;(A“^(i?)). Then ||(/“^)'|| is 

away from one and and ||5^.0“^|| are 0(e) for i = 1, 2,..., m by the equation fl3.ip . 


The norm of derivatives of for each n has the same upper bounds because fn —)■ f* 

exponentially fast and and for i = are bounded by 0(e^"). 

The dilation, A“^ contracts by the factor a(l + 0(p^)) where p = dist(F, F*). The above 
estimations imply that ||FiL“^|| and ||F(Fo H~^)\\ are uniformly bounded and the upper 
bounds are independent of n. Thus W^wW — w = v,c. Hence, the composition of ipt 

for A; = 1, 2,..., n contracts by the factor Ca", that is, ||FTw|| < Ccr"' for some C > 0. 

□ 

Let Bl = Bl(F) and Bl = Bl(F). Thus by the dehnitions on Section 12.21 Bl(F) = 
ipliB) and Bl(F) = F o yjKB). Moreover, F(Bl) C B^ If the Henon-like map F is n 
times renormalizable, we can dehne Bl(R^F) and Bl(K^F) as and F„ o '0"+^(F) 

respectively for each n > 1. We call the regions B^ = B'4(F) = T^(F) pieces of the 
level or generation where w G IT". Moreover, IT" can be a additive group under the 
following correspondence from IT" to the numbers with base 2 of mod 2" 

n—1 

W 1-^ E tCfc+i2^ (mod 2") 

k=0 

where the symbols v and c are corresponding to 0 and 1 respectively. 

Corollary 3.2. The diameter of each piece shrinks exponentially fast for each n > 1, that 
is, diam(F((,) < Ca" for all w G IT" where the constant C > 0 depends only on B and e. 

The construction of the critical Cantor set for higher dimensional Henon-like map in X(e) 
is the same as that of two dimensional Henon-like map. See Section 5 in [CLMj . Dehne the 
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critical Cantor set of the infinitely renornializable Henon-like map F as follows 

OO 

o=OF=n u 

n=l 

Infinitely renormalizable Henon-like map, F acts as the dyadic adding machine on the above 
invariant Cantor set. For detailed construction of the dyadic group as Cantor set, see [?]. 


4. Average Jacobian 


Let us consider the average Jacobian of the inhnitely renormalizable map F. The dehni- 
tion and properties of average Jacobian of higher dimensional Henon-like maps is the same 
as those of two dimensional ones. For the sake of completeness, we describe Lemma and 
Theorem in this section below. Let the Jacobian determinant of F at tc be JacF(ta). Thus 

3acF{y) 


log 


< C for any y,z ^ B 


Jac F{z) 

by some constant C which is not depending on y or 2 ;. The diameter of the domain B'^ 
converges to zero exponentially fast by Lemma [3.11 It implies the following lemma. 

Lemma 4.1 (Distortion Lemma). There exist a constant C and the positive number p < 1 
satisfying the following estimate 

Jac F^{y) 


log 


Jac F^{z) 


< Cp"^ for any y,z e B^ 


where k = 1,2, 2^, 


Existence of the unique invariant probability measure, say p, on Op enable us to dehne the 
average Jacobian. 

bp = b = exp / logJacFd/i. 

Jof 

On each level n, the measure p on Op satishes that p{B'lf^ O Op) = 1/2" for every word w„ 
of length n. 

Corollary 4.2. For any piece of Bl^ on the level n and any point w G Bl^, 

JncF^\w) = b^"{l + 0{p^)) 

where b is the average Jacobian of F for some positive p < 1. 

Proof. Since 

/ log JacF^"(J/i = / log JacF d/i = log6. 


'Bn 


'O 


there exists a point p G B^ such that log Jac F‘^"{rj) = 


log 6 


= 2" log 6 


For any w G log JncF'^"'{z) < Cp"^ -f log JacF^"(p), and 0(p") = log(l -|- 0(p")) for a 
hxed constant p. Then 

log JacF^"(t(;) = log(l -|- 0(p")) -|- log JacF^"(p) 
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= log [(1 + 0(p")) ■ *2"] 

Hence, ^a.cF‘^^(w) = + 0{p^)). 


□ 


Since F is the m + 2 dimensional map, it has Lyapunov exponents xo, Xit ■ ■ i Xm+ 2 - Let xo 
be the maximal one. Since F is ergodic with respect to the invariant hnite measure jj, on the 
critical Cantor set, we get the following inequality for any Lyapunov exponent y 

\^^\x{x)< ! log \\D F{x)\\ dfi{x) 

JOf 

where |/i| is the total mass of /r on Op- 

Theorem 4.3. The maximal Lyapunov exponent of F on Op is 0. 

Proof. Let be 2"'/i|£n, an invariant measure under F‘^" and let Un be the (unique) invariant 
measure on Then 

2-Xo{F,fr) = Xo{F^lB:;^,Pn) = Xo{R^F,u^)< [ \og\\DiR-F)\\ < C 

J 

-^W 

for every n G N, where C* is a constant independent of n. The last inequality comes from the 
uniformly bounded norm of derivative of R^F. Then the maximal Lyapunov exponent 
Xo < 0- If Xo < 0) then the support of fi contains some periodic cycles by Pesin’s theory. But 
Op does not contain any periodic cycle because F acts on 0^? as a dyadic adding machine. 
Hence, Xo = 0. □ 


5. Universal expression of Jacobian determinant 


The universality of average Jacobian is involved with the asymptotic behavior of the non 
linear scaling map between the renormalized map = R^F and for each n G M. 

conjugate to F„. Thus using chain rule and Corollary 14.21 JacF„ is the product of 
the average Jacobian of F^"' and the ratio of the Jac at w and Fn{w) as follows 


(5.1) 


Ja.cFn{w) = JacF^"(Tjj„(t(;)) 


JacTjj„(M;) 
Jac T”„(F„(m;)) 


7 9 ' 

= p 


Jac 

JacT”„(F„(ta)) 


(l + 0(p")). 


Denote the word, n" by v. Then the universality of Jacobian of implies the universality 
of JacF„ in Theorem 15.101 below. The asymptotic of non-linear part of Tj) is essential to the 
universal expression of JacT”. 
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5.1. Asymptotic of for fixed level . For every infinitely renormalizable Henon- 
like map F, we have a well defined tip 

(5.2) {t} = {v} = n b;>. 

n>0 

where the pieces are dehned as '^'^{B{K^F)). The tip of the renormalized map, R^F 
is denoted by Tk = t{R^F) for each k E N. Since every B^{F) contains tf, let us condense 
the notation T” into fh”ip. Moreover, in order to simplify the notation and calculations, we 
would let the tip move to the origin as a fixed point of each for every k E N hj 

conjugation of the appropriate translations. Let us dehne in this section^ 


(5.3) 


'^k{w) = + Tk+l) - Tk 


Let the derivative of the map defined on fl5.3p at the origin be Dk = Dk^^- 


^Dk = = D{^liR^F)){TkF,) 

= D(r,oxI/i(/2^F)oT,-;j(0) 


where Tj : w ^ w — tj for j = k, k + 1. Then we can decompose Dk into the matrix of 
which diagonal entries are Is and the diagonal matrix as follows 


(5.4) 

/I tk ul 
1 

4 1 


df 


Ul 


\ / 




(Tk 


(Tk 


1 / V 


\ 


(Tk ) 


( (Tk 


\ 


(Tktk (Tk'U'k ' ' ' 
(Tk 
(Tkdl 

akdk 



\ 


/ 


where Id^xm is the m x m identity matrix. We condense the expression of Dk using the 
boldfaced letters. Let m dimensional vector (d), d\.. .d^ be and {ul u\... ) be 

Ufc where Tr is the transpose of the matrix. Recall that cr^ = —a (l + 0(p^)). Decompose 
into the linear and non-linear parts. Then 

( 1 tk UfcX f (T-k X f (Tk (Tktk 

1 I 1 I ^ 1 

dfc 1 / \ (Tk-ld mxm J Y 

(5.6) = dtk{w) = Dko{id+Sk){w) 

where w = {x,y,z) and Sk{w) = {sk{w), 0, rl{y), rl{y), ...,r™(|/)) = 0(|tc|^) near the 
origin. Denote {rl{y), rl{y), ... ,r^{y)) by r^. Comparing the derivative of o at 



^If we need to distinguish the scaling maps, around tip from its composition with translations, then 
we use the notation, jjp 
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the tip and Dk and Corollary 13.21 we obtain the following estimations 


(5,7) 


4 ^ ^ dx4>k^[n+\) ■ OySkiTk) + ^dy^£k{Tk) ■ 

i=i 

< = d^Ak^i.rk+1) = d^(t)l^{Tk+i) ■ d^.ek{,Tk) 


and dl = ^5l (TTyiTk+l), fk ^{TTyiTk+l)), O) 

where (p'^^iw) = 71^0 H^^{w) for 1 < i < m. Thus the norm of each element of Dk, \tk\, 
||ufc|| and ||dfc|| is bounded by 0(6^*'). Since ||d2;0^^|| at the tip exponentially converges to 
cr as fc —)■ cx), Ofc = cr^ (1 + 0(p^)) for some p G (0,1). 


Lemma 5.1. Let Sk he the function defined on fl5.6l) . For each k E N, 


(1) 

1 9xSf^ 1 

= 0(1), 

1 1 

= 0(6-2'=), 

(2) 

\dLsk\ 

= 0(1), 

\dlySk\ 

= 0(6-2'“), 

(3) 


= 0(£2'=), 

I^ZixSfcl 

= 0(6-2'=)^ 

(4) 

II rfc(2/)|| 

= 0(£^''), 

II 4(1/) II 

= 0(6-2'“)^ 


for 1 < i, j < m. 

Proof. The map has the two expressions, Dk 
is, 

Tfc = Dfc o (id+Sfc)(w) 

= TkoHfi^oA-^oT-^fiw) 

Recall that 

Dk o (id+Sfc)(M;) 


\dziSk\ =0(6^'“) 

\dyySk\ = 0 (£ 2 '') 

I dl,.Sk\ = 0(e^") 

\\<iy)\\ = o(e^^) 

(id +Sfc)(M;) and T*. o o A*, o that 


Hk^ ° ^k\^ + P+i) -^k 


( CX]^ ^ktk 

ckkul ■ ■ ■ akU^ 

\ 


/ X + s{w) \ 

O'k 




y 

akdl 

^k * IdjTixm 



zi+rliy) 

\ (^kd]f 


J 


\Zm + r';f{y)j 


Oik o-ktk (TkUk\ /x + s{w)\ 

o-fcdfc ak J \z + rk{y)J 


In order to obtain the asymptotic of the non-linear part of we need to compare the 
first and Zi coordinates for each 1 < i < m of above two expressions of Let = 
('^fc; • • • 5 = ('^fc 5 '^k) ^ach k > 1. Firstly, let us compare the Zi coordi¬ 

nates of two expression of 

Mdly + Zi + rl{y)) = 7Tzi{Hfi^ o A-\w + Tk+i) - Tk) 

= akizi + + 6l{akiy + r^+J, fk\(^kiy + r^+i)), O) - rf 

Thus we have the following equation 

(^krliy) = -(Tkdly + Sl{akiy + fk\(^kiy + r^+i)), O) + akvff^ - rfh 
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Then \rl{y)\ < C{\dly\ + ||(5^|lc7o) for some C > 0 and for all 1 < i < m. The domain is 
bonnded and ||(5fc|| is 0{e^'°). Then we obtain ||rfc(|/)|| = Moreover, 

irl)'{,y) = -dl + ^5l{ak{y + /a:^K(2/+ O) 

Thus I {T]^'{y)\ is controlled by ||5||ci for all 1 < i < m. Similarly, the second derivative 
I {'^k)''{y)\ is also controlled by ||(5||c2 for all 1 < z < m. Then ||r'^(y)|| = 0{e^^) and 

\WLm=0{e^^). 

Secondly, compare hrst coordinates using (15.dh and (15.6p . Thus 

(5.8) akX + ak ■ Sk{w) + aktuy + cTfcUfe ■ (z + Yk{y)) = (i)'^^{(JkW + (JkTk+i) - 7r^(rfe). 

It implies the following equations 

* dx^k ^k * dx4^k 

(5.9) ak ■ dySk = (Tk ■ dy(t)l^ - aktk - ak ■ Uk ■ r'f.{y) 

C^k ■ ^z^Sk ak ■ ^z^(|)k ^k^k 


for 1 < i < m. Then by the equation fl3.1l) , || dxfpk^W = II ^y4>k^\\ ~ and 

II ^ 2 i 0 fc^ll = for all 1 < i < m. By the equation (15.71) . \ tk\ and ||ufc|| is Hence, 

ll^xSfcll = 0(1), ll^j/Sfcll = 0[e‘^'") and ||5^iSfc|| = for all 1 < i < m. By the above 

equation fl5.9p . each second partial derivatives of Sk are comparable with the second partial 
derivatives of 0^^ over the same variables because ||r)((|/)|| = 0[e^ ). 

Let us estimate some second partial derivatives of 0^^. Recall that 

= fk\x + ° H,;\w)) 

Sk o H^^iw) = efc( 0 fc ^(w), I/, z + 5 k{y, 0 )). 


Thus 

dx(l>k\'^)= Uk^)\x + ekoH-\w))- [l + d^{ekoH-^{w))] 


d^{ek oH^^{w))= d^Sk o \w) ■ d^(/)/^^(w) 

dz:x(ek o = dx{ek o H^^{w)) • dx(t)k^{w) + d^Sk ° H^^{w) • dxx(i)k^{w) 

= dxSk o ■ [dx(t)k^{w)]^ + dxSk o ■ dxx(t)k^{w). 


Moreover, ||efc||c2 and ||<5fc|lc2 bounds the norm of every second derivatives of 110;. ^|| except 
ll^ix^fc^ll- estimate dxx(t>k^{w) 

dxx(l)k^{w) = ifk^y'ix + ekO H^\w)) ■ [ 1 + dxisk o H^\w)) ] 

+ ifk^Yi^ + £kO H-\w)) ■ dxxisk o H-\w)). 

Recall that ||£fc||c 2 and ||<5fc||c2 are Since both ||(/“^)'|| and ||(/“^)''|| are 0(1), so 

is ll^xx^fc^ll- Any other second derivative of 110^^11 is bounded by For example, the 

following expression of dyxCpk^ 
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dyx<Pk ('^) 
dxx4^i^ (^) 


m j 

dyEk o H-\w) + o H-\w) ■ — 6i{y, f,;\y), 0 ) 

j=i ^ 

/ m \ ri 

da^idySk o H^\w)) + -9^ ( d^.Ek o Hi:\w) ) • — 4(2/, fk\y), 0) 


0=1 


implies that || dyx(j)k^\\ is bounded by 0(£^^). The norm estimation of other second partial 
derivatives of 07^ is left to the reader. □ 


5.2. Estimation of non linear part of S^. We consider the behavior of the non linear 
scaling map from level to level. Let 

By Lemma [3.11 

diam(5”) = 0(cr”-^) for k<n 

Then combining Lemma 13.11 and Lemma 15.11 we have the following corollary. 

Corollary 5.2. For all points w = {x, y, z) G BJt and where k < n, we have 

| 8 ,ssWI = 0 (< 7 "-‘) \d,st{w)\^ 0 (E‘‘o''-'‘) =o(£'=V”-‘) 

II ri(!/)ll = 0(£2V”-‘) II r2(»)|| = 0(e2V”-‘) 

Proof. By dehnition, Sk{w) is quadratic and higher order terms at the tip, r^. Similarly, r^(|/) 
only contains quadratic and higher order terms at the tip. Then use Taylor’s expansion and 
upper bounds of diam(i?^) is 0(cr"“^). □ 


Since the origin is the hxed point of each Tj and Dj is Tj(0) for every k < j < n, we can let 
the derivative of at the origin be the composition of consecutive DiS for k < i < n — 1. 

Dl = DkO Dk+l o • • • O Dn-l 

We can decompose into two matrices, the matrix whose diagonal entries are ones and 
the diagonal matrix by reshuffling. 


Remark 5.1. The notations tn+i,n, W+i,n and d„+i,n are simplihed as and d„ like 

the notations used in fl5.4p . Moreover, cXn+i,niCrn+i,n are abbreviated as respectively. 

Thus an = cr^(l + 0(p"')), an = —cr(l + 0{p^)). Using the similar abbreviation, Dn denote 
and is the 


Lemma 5.3. The derivative of at the origin, is decomposed into the dilation and 
non dilation parts as follows 


D 


n _ 

k — 




k * Id 


mxm 


Moreover, an^k = + 0{pY) an,k = {—<^Y ^(1 + 0{pY) for some p G (0,1). 
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Each tn,k, vLn^k and dn,k are comparable with the tk+i,k, and respectively and 

converges to the numbers t^^k, and super exponentially fast as n ^ oo. 


Proof. Using the definition of each derivatives of on the equation fl5.4p at the fixed point 
zero, we obtain 


n—1 

^1 / aj 

Oj tj Oj Uj \ 


=n 


j=k 

j=k \ 



By the straightforward calculation, we have following matrix, 

Un, k 


/ n—1 

Ifv 

j=k 


(5.10) 


r>»" = 


Tn,k 

n—1 


n 


a. 


3 


j=k 

n—1 n—1 


V 


j=k j=k 

where 

Un, k O'k (Vk+l a'k+2 ' ' ' 2 1 U/j 

+ ttfc CTfc+l O'k+2 ■ ■ ■ O'n-2 CTn-l Ufc+l 
+ Oik CKfe+l (Tk+2 ■ ■ ■ O'n-2 O'n-1 Ufc +2 




n—1 


n n 

j=k 


+ Oik Oik+1 Oik+2 ■ ■ ■ Oin-2 O'n-1 Un-1 

O'k 0'k-\-l O'k-\-2 ‘ ' ' O'n—S On—2 On—1 ^k ‘ (d/c-|-l “t“ (ik-\-2 P d/^_|_3 + • • ■ + d„_i) + tfc] 

+ Oik Ok+l Ok+2 • ■ ■ On-3 On-2 On-1 [ Ufc+l • ( dfc +2 + dfc +3 + • ■ ■ + d„_i) + tk +1 ] 

+ Oik Oik+1 Ok+2'''On-3 On-2 On-1 [uk+2 ' ( dfc +3 + • ' ' + d„_i) + tfc +2 ] 


-|- Oik Oik+1 Oik+2 ■ ■ ■ Oin—3 On—2 On—1 \_ Un—2 ' dn —1 “1“ tn—2 ] 
H“ Q;/c-(-2 * * * Cln—S 2 ^n—1 * tn—1' 


Moreover, 


(5.11) 


n—1 n—1 

On,k = HV = = {-OT~^{1 + O{p’^)) 

j=k j=k 

n—1 n—1 

= n = ll^\^ + 0{iP)) = + 0(p^)) 

j=k j=k 
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By the definition of d^,fc and fIS.lip . each components of the diffeomorphic part and the 
scaling part are separated 


n—1 


(5,12) 


dn, k — dj 
j=k 
n—2 

Un, k = (1 + 0(p^)) 

n—2 

^ ^ dj_|_i + tj + tn-l 


j=k 

n—1 


in, k ^ ^ ( CT 
j=k 


i=j 


(l + 0(p^)). 


Since ||dj|| = 0(e^^), ||uj|| = and \tj\ = 0(^e^^') for each j G N, each terms of the 

series in fl5.12p shrink snper exponentially fast. Then the snm dn,k) Un,k and tn,k are com¬ 
parable with the first terms of each series. Moreover, dn,k, fc and tn,k converge to d*^fc, 
and as n —)■ oo snper exponentially fast respectively. □ 


After reshuffling of we can factor out from the map Then we have 
(5.13) vl;- = Zl-o(id+S") 

where = {S'j^{w), 0, R„,,fc(|/)) = 0{\wy) near the origin. When we calculate directly the 
composition, o o • • • o Hy\ o A“l^. Observe that the map 

H-n,fc = (-Rn,fc) • • • ) 

depends only on y. 


Proposition 5.4. The third coordinate of S^, has the following norm estimations. 

||R„,fc|| = 0{e^"), ||(R„,fc)'|| = 0{e^"a^-'^) and ||(R„,fc)"|| = O 

for all k < n. 


Proof. The proof comes from the recursive formula between each partial derivatives of 
and So before proving this lemma we need some intermediate calculations. For a point 

w = (x, y, z) G R, let 


w 


n 

k-\-l 


( <+i \ 

Vk+i 

\ / 


vl>” 

^fc+i 


{w) G B 


n 

/c+1 


By the equation fl5.13p . we have 


( ^l+i \ 

Vk+i 

V ) 


( 


k-\-l 




v 


k-\-l 


^n,k-\-l ‘ U72,/c+l 


^ x + S^^yw) ^ 



y 

^n,k-\-l ' fdj72Xm J 


1 Z + iin,k+iiy) / 


Then each coordinate of is 
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(5.14) 


CXn, fc+1 “1“ (^) ) “1“ fc+1 tn, fc+1 ' V ^n, fc+lU72^ fc+1 ' (z -|- Rn, fc+1 (l/) ) 

2/fc+l '^n, fc+1 ■ 1/ 

CTn, fc+1 ^n, fc+1 ‘ 2/ “1“ fc+1 (z “1“ Rn, fc+1 (l/) ) • 


For any fixed k < the recursive formula of \1/^ is 


(5.15) 


and note that 


D- o (id +S") = vH" = vn, o = D, o (id +s,) o 

= Zl,"o(id+S^+l)+Zl,OSfcOVl>-^, 

Thus T”(m;) = D^o (id+S^+ i)(u;) + T>fc o 


^ktk ^k ^k 

DkOSkiw]^^^) = I ak 

^k d/c ^k * Id mxm 



Moreover, the first partial derivatives of each coordinate are as follows 


dx 


fc +1 


dx 


dx"' 


— Q^n, fc+1 1 + 


dSV: 


dS' 


fc+1 


dx 


w. 


(5.16) 


CUn, fc+1 (^) T ^n, fc+1 tji fc-(-l T (Tn fc +1 Un fc+1 ' (Rn, fc+l) (l/) 
dy dy 

9xk+i 1 / N i 

— Cln, fc+1 {,'U^) + <7n, fc+1 '*^n, fc+1 


dy\ 


fc +1 


dz 


fc +1 


dy 


dzi 


— ^n, fc+l 


dz^ 


^n, fc+1 fc+1 “h <^n, fc+1 ■ (R^n, fc+1 )'(+ 

dzl 


dy 

dyl^^ _ dyl^^ 


■'k+l 


dx 


dzi 


dx 


= 0 


for every 1 < i < m. In order to estimate of Iln,k{y), compare the third coordinates of the 
functions in fl5.15p . Recall cr“^ = A. Then 

Zfc (Tn,k dn,fc ‘ y T (Tn,k{^ T Rn,fc(|/)) 

^n,k dn,fc ■ y T (^n,ki,^ T Rn, fc+l(2/)) T *^fc ' ^k(^yk-\-l) 


Then 


Rn,fc(l/) = R„,fc+l(l/) + CT„,fc ■ CTfc ■ Vkiy^^i) 


where cr^ CTfc is (—A)” ^ ^(l+0(p^)). By the equation fl5.16p . the recursive relation between 

R^(i/), R^_,_i(i/) and the bounds of rk{yjl_^_i), we obtain the following formulas 
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= R„,i+,(!/) +0((-A)"-'‘-‘rt(!,J+i)) 

(R»,t)'(!/) = (R..,<=+l)'(!/) + 0 (rl.(*,)) 

and (R„,i)"(!/) = (R„,t+i)''(9) + ■ <(*;)). 

Hence, by the equation (15.141) and the chain rule 

||(R„, + ||<||(R„,fc+l)'||+iri£2+n-/c 

URn,k)"\\ < ||(R.,fc+l)"|| 

for all k < n. Then, 

||R„,fc|| =0(£2'=), ||(R„, + || =0+2+-^^) and ||(R„,fc)"|| = 0(£2V2(n-fc)) 

for all k < n. □ 


Lemma 5.5. For k < n, we have 


( 1 ) |SA”I = 0 ( 1 ), 

( 2 ) |9J,S,”|=0(d"V”-*), 

(3) |9J,,SE|=0(d2‘), 

for every 1 < i, j < m. 


|aA"l = 0 (e=‘), 
|aL,sjl = o(d^V”-'=) 

IC/?l= 0 (d 2 *) . 


I 4 ,s?l =o(e‘') 


Proof. Compare the hrst coordinates of in (15.151) . Thus 

xl = an,k{x + Sl{w)) + an,ktn,k ■y + (Xn,k^n,k ' (z + R„,fc(l/)) 

Q^n, k (^X T (^) ) P ^n,k tn, k ' V P (^n,k Un, fc ' ( Z T R72, fc+l (l/)) T ^^k ' Sk ('ir’fc-|_i) 

+ (Tfc \ik-Vk{yl+i). 

Then we obtain the recursive formula for as follows 

+ (^) ~ ++1 (^) P ^n, k ^ ( 7 n^ k Un, k ' (R-n, k+l iv) ~ Rn, fc(2/)) 

Tfc ( 2 /^+ 1 ). 

Let us take the hrst partial derivatives of each side of above equation and use fl5.16l) . Then 
we can have the recursive formulas of each hrst partial derivatives of S‘j^{w). Let us take the 
coordinate expression of tCfc+i as +^+i, 2 /fc+i, (^fc+i)i, ( 4 + 1 ) 2 , • • •, (4+i)m). Then 

dS^ ^ + dsk \ dsk 

dx dx \ dxlj^.^) dxlj^.^ 


dy 


1 + 


OSk 


^k+l 


PKiX 


n—k—l 


dsi 


dy 


k+l 


dy 

m 


1=1 


(^n,fc+l 


(^n, fc+1 T Un, fc+l ■ (Rn, fc+1 

dsk 


dsi 


P)rpn 

^Xkj^l 


-9(4+1 )j 
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+ • ((R„,;t+i)'(|/) - (R„,fc)'(|/)) + K2\^-W ■ rl(|/^i) 


^ = f 1 + 

oz. 


I 

-1 


dsi 


dx 


dzi 


+ /^iA 


n—k —1 


dsi 


u. 


n,k+ldxn 


+ 


dsi 


k+l/ L ^-^fc+l ^(%+l)* 

where Q!“\, cr„,fc+i = and a“\, cr„,fc+i = i^ 2 (-A)"'“^+^ for each 1 < i < 

m. By Corollary 15.21 and Proposition 15.41 | is and | ds}^ldy^j^^\ and 

I dsk/d{z'^j^i)i\ is 0{e ^^for all 1 < i < m. Moreover, \tn,k\, ||un,fc|| and ||d„^fc|| are 
0(d^*). With all these facts, the bounds of each partial derivatives of S'^ are as follows 


dSl 


dx 

dS'X 


<(l + 0 (p"-")) 


dy 

dS'X 


dzi 


<(l + 0 (p"-")) 
<(l + 0 (p"-")) 


dS\ 


k+l 


dx 


dS\ 


k+l 


dy 


dS\ 


k+l 


dzi 


+ C(T 


+ Ct 


+ Ct 


n—k 


for all 1 < i < m, for some constant C > 0 and p G (0,1). Hence, using above recursive 
formulas we have 


dS'X 


dS2 

dx 

= 0+), 

dy 


= 0{e 


2k 


and 


ds;: 


dz 


= 0{e 


- 2 *^ 


for all k < n. The second partial derivatives of are as follows by the chain rule 


d‘^Sl 

dxy 


= 1 + 


dsk \ d^S\ 


^■^k+1 


k+l 


dxy 


+ Ctn, fc+l ( 1 + 


dS\ 


k+l 


dx 


dhk dS, 


k+l 


d{xl^+ dy 


+ <^n,k+l 1 + 


dS', 


k+l 


dx 


m 

E 

i=i 


^n,k+l 


{K,k+i)' 


^n, fc+1 “1“ ^n,/c+l ' (R-n, fc+l) (Z/)^ 
d‘^Sk 

^■^k+l'^k+1 


d‘^Sk 


+ 


d'^Sk 


d{xl^+ dxl^^yl^^ 


d+l 

dxzi 


= 1 + 


dsi 


dx 


k+l 


+ (^n,k+l { 1 + 


dxzi 

dS+i 


+ Oin,k+l I 1 + 


dx 


dx 


d+k 


u 


n, k+l 


+ 


d+k dS', 


n 

k+l 


d{x^^+ dzi 


d^Sk 




d+^ 

dyzi 


= 1 + 


dsk \ d+', 


dxl 


k+l 


+ 


Q^n, fc +1 


dQ^ 


dzi dy 


k+l/ 9yz, 

T ^n,k+l (^n,k+l T ■ (Rn, fc+l) (l/) 
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+ (^n,k+l'l/n,k+l' 


dS] 


fc+i 


dy 


dS^ 


k+l 


dzi 


+ Ki{-X) 


n—k—l^i 


U 


n, k+l 


d'^Sk 


d{x‘ 


k+l) 







































































Qgn s 

*^n,fc+l o -^4 (^n, fc+1 “1“ ^n, fc+1 ' (R-rtjfc+l) (?/) ) 




+ I CTn.fc+l- 




k+l 


dzi 


+ ^^'Un,k+l ) ('^lfc+1 

i=i 




dx^ 

\y) 


k+l\^k+l)i 

d^Sk 


d{z^+i)ji4+i)i 


d'^Sl 

dziZj 


= 1 + 


dsi 


dx 


k+l 


dziZj 


+ 


®n, fe+1 


flQn fieri 


dZi 


dZn 


+ (Zn,k+lU^ri,k+l 




dS\ 


I '"“^/c+i I TV' / 7 \2 ^ Sfc 

+ + -ffTK^+i) J 

d^Sk 


^n, k-\-l 


^n, fc+1" 


dzi 

dSl^i 


dzi 


+ -^’^4m 1, fc+i 


9a:^+i(2fc+i)i 

d'^Sk 

dxl^^{zl^;), 


+ K 4 


d^Sk 


d{z^+M4+i)j 


where K 4 = ctfc fc+i = ^(1) every I < i,j < m. 

By LemmaESl Corollary 15.21 and Proposition 15.41 the bounds of | ^'^Sk/^{x^_^_{)‘^\ is 0(a"'~^) 

and \ d'^Sk/duv\ is where u,v = Vk+i, ( ^E+i)i, ....(4+.7 but both u and 

V are not simultaneously. The upper bounds of the norm of the hrst and the second 
partial derivatives of Sk and the estimation of \ tn,k\, || u„^fc|| and || d„^fc|| imply the bounds of 
norm of second partial derivatives of as follows. 


d'^Sl 

dxy 

< (1 + 0(p"-")) 

dxy 

d‘^si 

dxzi 

< (1 + Oip^-^)) 

dxZi 

d'^si 

dyzi 

< (1 + 0 {p^-’^)) 

dyzi 

dziZj 

< (1 + 0(p"-")) 

dziZj 


- 2 *= n-k 


+ cr a' 


+ Ce^a 


n—k 




+ Ce 


+ Ct 


Hence, \dlyS'^\ = \dl^.Sl\ = ^), \dl^.S^\ = and 

0 {e^ ) for every 1 < i, j < m. 


'ZiZ. 


Sl\ = 

□ 


5.3. Universal properties of coordinate change map, On the following Lemma 

15.81 we would show that the non-linear part of the coordinate change map id-|-S'(a:, y, z) is 
a small perturbation of the one-dimensional universal function. The content of this section 
is to rephrase some parts of Section 7 in |CLMj . 

Recall the one dimensional map /*: J —;■ / is the hxed point of the (periodic doubling) 
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renormalization operator of the unimodal maps, namely, i?/* = /*. Let the critical point 
of /* be c* and / = [—1,1], Also assume that /*(c*) = 1 and /*(c*) = —1. Let us take 
the intervals J* = [—l,/*(c*)] and J* = f*{Jc) = [/*(c*),l]. Then these intervals are 
the smallest invariant intervals under around the critical point and the critical value 
respectively. Observe that the critical point c* is in J* and f*{J*) = J*. Let the onto map 
s: J* —)■ / be the orientation reversing affine rescaling. Thus s o f^: J* —[—1,1] is an 
expanding diffeomorphism. We can consider the inverse contraction 

g^: I ^ J*, g^ = f-^os~^ 

where f~^ is the branch of the inverse function which maps J* onto J*. The map g^ is called 
the presentation function and it has the unique fixed point at 1. By the definition of g^ 
implies that 

f^\J* = g*o f*o {g^)-^ 

Then by the appropriate rescaling of the presentation function, we can define the renor¬ 
malization at the critical value, Inductively we can define gf on the smallest interval 

J*{n) containing the critical value 1 with period 2"'. Let G^: / —?■ / be the diffeomorphism 
of the rescaled map of gf. 

Then the fact that g^, is the contraction implies the existence of the limit. 

M* = lim G^-. I ^ I 

n^oo * 

and the convergence is exponentially fast in G^ topology. Moreover, we see the following 
lemmas in |CLM] . 

Lemma 5.6 (Lemma 7.1 in |CLMj L For every n > 1 

(1) J:{n)=gf{I) 

( 2 ) Kf. = G:of,o{G:)-^ 

( 3 ) u^o = f* o 


Lemma 5.7 (Lemma 7.3 in |CLMj L Assume that there is the sequence of smooth functions 
gk'. I ^ I, k = 1,2,.. .n such that \\gk — g*\\c^ < Gp^ where the g* = hmfc_,.oo gk for some 
constant C > 0 and p G (0,1). Let Pk = 9k ° ° Pn and let G^ = o g'jl: I ^ I, where 

is the affine rescaling oflmg^ to I. Then \\G^ — < Gip^~^, where Gi depends only 

on p and G. 


Let us normalize the functions m* and g^ which have the fixed point at the origin and the 
derivatives at the origin is 1. Let 




u^{x + 1 ) — 1 

<0) 


Abusing notation, we denote the normalized function of g*{x) to be also the g*{x) in the 
following lemma. 


Lemma 5.8. There exists the positive constant p < 1 such that for all k < n and for every 
y ^ P and z e P 

|id+^fc(-,|/,z) -'y*(-)l = Oie^'^y + ^ Zj + p^-’^) 

j 
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o.nd 11 + 3,Si>(.,z) - < (■) I = 0(p"-‘), 


Proof. The map id+S'^( •, ?/, z) is the normalized map of such that the derivative at 
the origin is the identity map, and n*(-) is also the normalized map of m*, which is the 
conjugation of the renormalization hxed point at the critical point and the critical value in 
Lemma I5.61 Thus the normalized map, id+S'^( •, 0, 0) and the one dimensional map, 
converge to the same function n* (•) as n —)■ oo because the critical value of / and the tip 
of F moved to the origin as the hxed point of each function gf by the appropriate affine 
conjugation. 

By Lemma [5.51 we have 


\dyS-,\ =0{e^\ 

Id ^”1 

1 afziiJk 1 

= 0(e^'') 

for all 1 < i < m and moreover. 



\dlyS-,\=0{s^^a--% 

\dLs^\ 

1 '^2. ^ 

= 


for all 1 < z < m. Thus the proof of asymptotic along the section parallel to x—axis is 
enough to prove the whole lemma. By Lemma ??, 

distc3(id+Sfc( • ,0,0), 5'*(-)) = 

and by Lemma [5.71 we obtain 

(5.17) distci(id+^n-,0,O), Gr"(.)) = 0(p"-"). 


Since the G” x* exponentially fast, we have the exponential convergence of the function 
id+S'^( •, 0, 0) to f*(-). Hence, the above asymptotic and the exponential convergence at 
the origin prove the hrst part of the lemma. Furthermore, G^ convergence of fl5.17p implies 
that 

ii+4^,"(-,o,o)-x:(-)i = o(p"-^) 


where p G (0,1). 


□ 


5.4. Estimation of the quadratic part of for n. We estimate the asymptotic of 
using the estimation of the partial derivatives and recursive formulas. Then it implies 
the estimation of the asymptotic of the non-linear part of for n. In order to simplify 
notations, we would treat the case /c = 0 and consider the behavior of Sq instead of 
In this section, let the variable y be Zq if we express the quadratic sum of y and Zj variables 
to simplify the notations. 

Lemma 5.9. The following asymptotic is true 

\[x + SQ{x,y,z)]-[v^{x) + ^ aF,ij ZiZj]\ = Gip"") 

where constants are 0{e) for all 0 < q j < and for some p G (0,1). 

Proof. For any hxed A; > 0, the recursive formula for n > k comes from the 
Thus 

(5.18) Sfc+^(M;) = s„(tc) o o £)„ o (id-hs„)(M;). 

Let A; = 0 for simplicity, and compare each coordinates of the both sides. Then 
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(S„”+‘(k>). 0, R,.+i,o(!/)) 




Oin ( tn 

+ U„ 

■ d„) 


\ 


s„"(- 

tn) 

\ 

s„(m;), 0, Tniy)) + 








0 




V 

—a 

-Id 


' Id-TTixm 

/ 


^ Rn, 0 

(y) 





antn 



/ 

X + Sn 

(w) 

\ 


O 






y 





V 


(Jn, * Id-mxm J 


V 

z + r„ 

(y) 

/ 


By the direct calculation, we obtain the following equation 
(S„”+‘(w), 0 , R„+i,„(9 )) 

= (s„(w), 0 , r„(j/))+ ( — s;*(m) - — u„ ■ R„,o(!/), 0 , — R„,o(!/))» 

an{x + + (Tntny + c^nUn,' (z + r„(|/)), + (T„(z + r„(|/)) 


= (s„(m;), 0, r„(|/)) 
1 


+ ( —SQ(^an{x + Sn{w)) + antnV + CnUn ■ iz +rn{y)), any, + cr„(z + r„(?/)) j 


■ I^n,0(*^n2/)) 0; R'n,o(*^nl/) 

Oiri. CTti. 


Firstly, let us compare from third to m + 2 coordinates of each side of the above equation. 
Using the Taylor’s expansion and Lemma 15.11 we obtain 

Rn+l,o(2/) = ^n{y) + — Rn,o(crn2/) 
an 

Recall the coordinate expression of R„,o(2/) = (-Rn,o(2/); ^n,oiy)^ • • • > -^™o(2/) )• Then we 
have the following form of oiy)- 

K,oiy) = aiy^ + AUy)y^ 

K+i,oiy) = — (< ■ {(^nyf + K{any) ■ {anyf \ + 

for each 1 < j < m. Thus a'n+i = <7^0^ + and ||^^+i|| < || cr„|p|| + 0{e^^). for all 

1 < j < m. Hence, —)■ 0 and —)■ 0 exponentially fast as n —)■ cx). 

Moreover, the second part of Lemma 15.81 implies the following equation 

(5.19) \[x + SQ{x,y,z)] - [v^{x) + 5*0 (0, y, z)] | = 0(p"). 

Secondly, compare the hrst coordinates of fl5.18p at {0,y,z) 

S^^\0,y,z) 

= Sni0,y,z) 
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The estimation of \dlyS^\, \dl^.SJ^\ and \dy^.SJ^\, \ for 1 < i,j < m in Lemma 15751 

implies that 


dx 


/ \ 

{0,y,z) = Oi^a'^y + a'^^ZjJ and -^{0,y,z) = 0{y + Zi) 

i=i * 


respectively. Recall that the variable Zq is the variable y. The order of the u„, r„ and 
Taylor’s expansion of S'q at (0, any, anz) implies that 

S^^\0,y,z) 


= Sni0,y,z) 
1 

H- 

CXri. 


BS“^ ( \ 

S'q (0, any, cr„z) + -^(0, Cny, an'z) ■ (^anSn(0, y, z) + + (T„U„ • (z + Yn{y))j 


dS"^ ( ■ • \ 1 / n 

+ ^ y + ^nriiy)j - -Un- R„,,o(o'n|/) + O f ^ 

j=l ^ J ’’T- \ 0<i,j,k<m 


= — S'q (0, any, anz) + Y] 

«n 

0< 2 ,j< m 


^n,ij 


+ o{^e^" ^ ZiZjZk 

0< i, j, k< m 


where en,ij = 0(£^") for all 0 < i, j < m. Then we can express S'o(0,|/,z) as the quadratic 
and higher order terms, 

S'o(0,2/,z)= ^ an,ij ZiZj + An{y,z) ■ i ^ ZiZjZk 

0<i,j<rn ^ 0<i,j,k<m 

The recursive formula for Sq{ 0, y, z) implies that 

sr'(o,p,^) 

1 


CYr, 


0< 


0< i, j, k< m 


+ 

^ A:<m 

^2 

Hence, a„+i *,• = — an a + > e„ j,- for 0 < i,j < m and moreover, 

0< ij<m 

|3 


||^n+l|| < ||A 






+ 0(d-). 


It implies that an,ij aF,ij for 0 < i, j < m and ||^n|| —t 0 exponentially fast as n —)■ cxo. 
The exponential convergence of SQ{0,y,z) to the quadratic function of y and z and the 
equation fl5.19p show the asymptotic of S'q (x, y, z). □ 














5.5. Universality of Jaci?’^F. Let the renormalized map of F be R^F = Fn = 

ifn — £n, X, Sn)- Recall that from level to 0*^ level and the tip tf is contained 

in G for all n G N. Thus T”jp is the original coordinate change rather than the normalized 
function T” conjugated by translations T„. 

Recall the equation flS.ip again 


Jac Fn{w) 


JacF 27 vl/-p(«;)) 


Jac 

Jac^^ipiRnw) 


^ 2 ^ JacT;jp(w) 
Jac ^l^{F^w) 


(l + 0(p")). 


Theorem 5.10 (Universal expression of Jacobian determinant). For the function F G F{e) 
for sufficiently small e > 0, we obtain that 


JacF„ = (1 + 0(p”)) 


where b is the average Jacobian of F and a{x) is the universal positive function for some 
pG(0,l). 

Proof. For the higher dimensional Henon-like map, Lemma 15.81 and Lemma 15.91 are the 
essentially same as for the two dimensional Henon-like maps. Then the proof of theorem is 
also the same as two dimensional nmaps. See Universality theorem in [CLMj . □ 


6. Toy model Henon-like map in higher dimension 


Let higher dimensional Henon-like map satisfying e{w) = e{x,y), that is, = 0 for all 
1 < i < m be the toy model map. Denote the toy model map by Umod- Then the projected 
map TT^y o Fjnod = p 2 d R cxactly two dimensional Henon-like map. Let the horizontal-like 
diffeomorphism of Umod he iJmod- Thus we see that Ti^y ° J^mod = H 2 d- Then we obtain that 
'^xy ° RFmod — RF2d- 

Proposition 6.1. Let Fmod = {fix) — e{x,y), x, S{w)) be a toy model map in F{e). Then 
^th renormalized map i?"Fmod is a toy model map, that is, 

TT^y o R^Fraod = ^”^ 2 ^ 

for every n G N. Moreover, Sn is of the following form 

Eniw) = bf a{x)y{l +0{p^)) 

where bi is the average Jacobian of the two dimensional map, F 2 d = 'Xxy ° Rmod and a{x) is 
the non vanishing diffeomorphism on Tr^iB). 
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6.1. Tangent bundle splitting under DF^o^. Let DF and D6 be the Frechet derivative 
of F and S respectively. For the given point w = {x, y, z), let us denote Wi = {xi, yi, Zj) = 
F^{x, y, z). The (Frechet) derivative of F has the block matrix form 


/ 




DF2d 

0 

0 

dxS dyS 

dzd 


where is the m x m block matrix 




■■■ 

■■■ d.J"') 


The Lemmas in this section using block matrices are due to the same notions in |Naml] 
because the construction of invariant cone held could be applied to the object of any hnite 
dimension. In the below we use the same notations in |Namlj . 


( 6 . 1 ) 


DF^oA{.x,y,z) 


(^{w) 0 \ 
1,C(«;) D{w)) 




where A^, = DF 2 d{x,y), 0 = (q) , C^, = (dxS(w) dyS(w)) and = dzd{w). Since we 
assume that Fjnod and F 2 d are diffeomorphisms, DF^od and A^, are invertible. It implies that 
Dw is invertible at each w. Let wn be F^{w) and the derivative of the iterated map 
-^mod be DF^^^. Denote DF^^^ as the block matrix form as follows 


( 6 . 2 ) 


DF^^^{x,y,7.) 


fAN{w) 0 \ 

\Cn{w) Dn{w)J 


Then for each iV > 1, 

fA m ^ \ _ f ^i('a^Af-i) 0 ^ 

\Cn Dm) yC'i(r(;Ar_i) Di{w]\f-i)/ 


f Am 0 \ 
[jAm Dm) ' 

f Am-1 0 \ 

yC'Af-i Dm-1 ) 


Let Aq = 1, Co = 1, Do = 1 and w = Wq for notational compatibility. Then by direct 
calculations, we obtain 

N-l 

An = Ai{wm-i) Am-i = Ai{wM-i-i) 

1=0 

Af-1 

Dm = Di{wm-i) Dn-1 = TT Di{wM-i-i) 

(6-3) j=o 

Cm = Ci{wm-i) Am-1 + Di{wn-i) Cn-i 

Af-l 

= Di{wM-l-i) Ci{wM-l-i) Am-I-I- 

i=0 

We see that [DFj(^Q^(tc)]“^ = DF~^^{F^(w)) by inverse function theorem. Thus using block 
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matrix expressions, [DF^^^{w)] ^ is 
(6.4) 


]Jp-N _ 


4-1 


0 




at the point, F^{w). 

Let the cone at w with some positive number 7 to be 
(6.5) C{'y)w = {u + n I M G X {0}, v G {0} x 


and — ||m|| > ||n|| }. 


7 


The cone held over a given compact invariant set T is the union of the cones at every points 
in r 


( 6 . 6 ) 


Cb) = U C(7). 


wG r 


Let ||L*T"|| be the operator norm of DF. 0 The minimum expansion rate (or the strongest 

contraction rate) of DF is dehned by the equation, = — . 

m[DF) 

Lemma 6.2. Let A^, 0, and be components of DF^^^ defined on fl6.2p . Suppose 
that ||T>i|| < m{Ai). Then UCatA^^H < k for some k > 0 independent of N. 

Proof. See Lemma 7.2 in jNamlj . □ 


Lemma 6.3. Let Fmod G X(e) with small enough e > 0. Suppose that ||Di|| < ■m{Ai) for 
some p G (0,1). Let C( 7 ) over the given compact invariant set T he the cone field which is 
defined on fl 6 . 6 p with cones in fl6.5p . Then C( 7 ) is invariant under for all sufficiently 

small 7 > 0. More precisely, any given invariant compact set T has the dominated splitting. 

Proof. See Lemma 7.3 in |Namlj . □ 


Remark 6.1. In Lemma [6.21 components of matrix form, Ai, Di, Aj^ and Dj^ depends on 

each point tc G T. Then < — Pw for some positive < 1. Then the actual 

m[Ai[w)) 2 

assumption is that the set of > 0 for tc G T is totally bounded above by the number less 
than -f. However, since T is compact, { p^ | tc G T } is the precompact set. Then p can be 
chosen as the supremum of {p^ | tc G T }. Then k in Lemma [6.21 is independent of tc G T. 
Thus K is also uniform number independent of w. Moreover, the cone held C(j) in Lemma 
16.31 is contracted in uniform rate by DF~^. 


^The operator norm is defined on the linear operator at each point. For example, 

||ilF„|| = sup {\\DF.u,v\\} 

1711=1 


The value ||i2T"|| is defines as sup^^g^ ||Z3Fu,||. 
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6.2. Tangent bundle splitting under a small perturbation of toy model map. The 

existence of the invariant cone held under DF^aod is still true when a small perturbation of 
-DFmod is chosen. Let us consider the block diagonal matrix form of DF. Let the following 
map be a perturbation of the toy model map, F.^od{w) = {f{x) — e 2 dix,y), x, <5(tc)) 

(6.7) F{w) = (fix) - e2d{x, y) - e{w), x, 6 {w)) 

where e{w) = e2d{x,y) + e{w). Thus dzs{w) = dze{w). 


( 


( 6 . 8 ) 


DF = 


DF2d 

dzS 

0 

dxS dyS 

dz8 


A 

B 

C 

D 


where DF 2 d = 
If i? = 0, then 


^f'{x) - d^e{w) 
F is F^,d. 0 


-dye{w) 

0 


and dzE is the row vector (d^^e 


... d,^e). 


Lemma 6.4. Let F be a perturbation of the toy model map Fmod defined in fl6.7p and A, 
B, C and D are components of block matrix form of DF defined in fl 6 . 8 p . Suppose that 
II-Dill < Y ■ for some pi G (0,1). Suppose also that ||i?|| UDII < po ■ m{A) ■ m{D) where 

Po < ^ for sufficiently small 7 > 0. Then the cone field C( 7 ) defined on (16.6p is invariant 
under DF~^ . 

Proof. See Lemma 7.4 in |Namlj . □ 

Then the tangent space TpD of DF has the splitting of the invariant subbundles © E‘^ 
such that 

(1) TrB = E^® Efi 

(2) Both and are invariant under DF. 

(3) ||DF”|ei(x)II||DD“”|£; 2 (p^-n(a,))II < C/i"' for some D > 0 and 0 < p < 1 and n > 1. 

Thus T^B is dominated over the compact invariant set T. Moreover, the dominated splitting 
implies that invariant sections w i-G- E^{w) and w 1 —)■ E‘^{w) are continuous by Theorem 1.2 
in [?]. Then the maps, w 1 —)■ E^{w) for f = 1, 2 are continuous. 


^If the bounded operator T has ||r|| < 1, then Id—T is invertible. Moreover, 


(Id-T)-^ = 

n—0 


Since, ||T”|| < ||T||” for every n e N, ||(Id-T) i|| < ^ _^|y|| - 
minimum expansion rate, m(Id—T) > 1 — ||r||. 


Equivalently, we get the lower bound of the 
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7. Single invariant surfaces 


7.1. Invariant surfaces and two dimensional ambient space. Let us consider dom¬ 
inated splitting of DF over the given compact set. One of the subbundle, for instance, 
is uniformly contracted under DFIe^s. If there exists an invariant submanifold whose codi¬ 
mension is at least one such that this manifold is tangent to invariant tangent subbundle 
and it contains the invariant compact set, then we expect the dynamics is reduced in this 
invariant manifold. 

Definition 7.1. A O'" submanifold Q which contains L is locally invariant under / if there 
exists a neighborhood U of L in Q such that f{U) C Q. 

The necessary and sufficient condition for the existence of these submanifolds, see ing and 
its references. 

Theorem 7.1 f |CPj L Let r he an invariant compact set with a dominated splitting T^M = 
© E'^ sueh that E^ is uniformly eontracted. Then V is contained in a locally invariant 
submanifold tangent to E^ if and only if the strong stable leaves for the bundle E^ intersect 
the set r at only one point. 

Moreover, the existence of invariant submanifold is robust under perturbation. 

Proposition 7.2 f |CPj ). Let P he an invariant compact set with a dominated splitting 
E^ © E‘^ such that E^ is uniformly contracted. If P is eontained in a locally invariant 
submanifold tangent to E‘^, then the same holds for any diffeomorphism enclose to f and 
any compact set P' contained in a small neighborhood o/P. 

Let us consider the toy model map which is inhnitely renormalizable. Recall that DF^^d 
be {c d) where A is the derivative of Tixy o Rmod- For a given invariant compact set, let us 
assume that P has the dominated splitting T^B = where DFIess is D, DF\ep^ is 

A and ||D||||74“^|| < p < 1. Let W^^{w) be the strong stable manifold which is tangent to 
E^^{w) for each tn G P. A pseudo unstable manifold, W^^{w) is defined similarly. Observe 
that W^^{w) is two dimensional manifold at every point tn G P. 

Lemma 7.3 (Lemma A.l and Lemma A.2 in [Nam3]). Let F he an infinitely renormalizable 
Henon-like map. Then the critical Cantor set, Oe is the set of accumulation points of Per f- 
Moreover, W^{w) fl Per^? = {tn} for every point w G Per^?. 

The toy model map has invariant set of codimension two hyperplane under F 




(7.1) 


(x,y)€ I^xly 

where E = x E'^ x ■ ■ ■ x E"^. Moreover, any vector which perpendicular to xp—plane 
is invariant under DTAod up to the size. Then by Theorem 17.11 and Lemma [7.11 implies the 
following lemma. 

Lemma 7.4. Let Fmod be the toy model map inX{e). Suppose that 


sup 

w)GPeri? 


mod 


m{Ai{w))\\ ~ 2 
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where Ai and Di are the block matrix in fl6.ip . Then there exists a locally invariant single 
surface Q which contains The surface Q meets transversally and uniquely strong 

stable manifold, at each w G 

Proof. Lemma 16.31 implies the dominated splitting over Per^^^^. This dominated splitting 
implies that the hyperplanes in (17. Ih at each point w of Per^?^^^ is the strong stable manifold 
at w. Transversal intersection of invariant cone helds implies that the snrface Q tangent to 
EP'^ over Peri?^^^ meets transversally each We may assnme that Q is locally invariant 

by Theorem 17.11 Let us show the uniqueness of the intersection point. Suppose that w and 
w' are points in Q fl \i w ^ w', then w' ^ PeriT’^^^ by Lemma 17.31 Take a small 

neighborhood U of w' in the invariant surface Q. Then U converges to the neighborhood 
of F'^{w) in Q as n —)■ cxo by Inclination Lemma. Thus Q cannot be a submanifold of the 
ambient space because it accumulates itself. This contradicts to Theorem 17.11 Hence, w is 
the unique intersection point. □ 

Let Tlnod £ which is sectionally dissipative at hxed points. Recall that the invariant 
plane held, over Peri?^^j is two dimensional. Thus contains the unstable direction 
at every periodic points. Then the invariant surface Q tangent to contains the set 

^ = O U IJ iy“(Orb(g„)) 

n>0 

where each is the periodic point with period 2"’. The set A is called the global attracting 
set. 

7.2. Invariant snrfaces containing Per as the graph of map. Recall bi be the 
average Jacobian of F 2 d = n^y o Fmod- Suppose that ||i9z^|| < P ■ Pn{.F 2 d) for some p < 1 
with dominated splitting over Per^T’^^^. Denote Per^?^^^ by P. Then there exists a locally 
invariant single surface which contains The set of m—dimensional hyperplanes which 

are perpendicular to xp—plane 

IJ {{x,y,7)\7.e P} 

is invariant under Fmod- Since tangent subbundle for DF^od is constant and strong stable 
manifold is unique at each point in P, the above set contains the strong stable foliation over 
P. The angle between each tangent spaces and Eff' is (uniformly) positive. Thus the 
maximal angle between E^'^ and TM^ is less than |. 

Remark 7.1. If TrB = E^^ © is r—dominated splitting, then Q which is invariant 
single surface tangent to is a surface. Moreover, since the strong stable manifolds at 
each point is the set of perpendicular lines to xp—plane, Q is the graph of function from 
a region in P x P to P. 

We may assume that invariant surfaces tangent to the invariant plane held has the neigh¬ 
borhood, say also Q, of the tip, in the given invariant single surface which satishes the 
following properties by Lemma 17.41 

(1) Q is contractible. 


31 
















(2) Q contains in its interior and is locally invariant nnder for big enongh 

TV e N. 

(3) Topological closure of Q is the graph of map from a neighborhood of ri^TixyoF^od) 
in x?/—plane to F. 

By robustness of the existence of single invariant surfaces, if F be a sufficiently small 
perturbation of Fmod, then there exist invariant surfaces each of which is the graph of C"" 
map from a region in the x?/—plane to F. 

There exists an invariant surface Q under F on as the graph of the function 

^ with 11-0,^11 < Ce only if there exists the dominated splitting in the previous subsection. 
Then the image of Q under the map (^^up) ^ is also an invariant surface under R^F for every 
big enough n G N (See Lemma 17.61 belowb The existence is based on the global implicit 
function theorem in |ZGj . 


Theorem 7.5 (Theorem 1 in [ZG] L Let f : M” X is continuous mapping and it 

is continously differentiable for second variable u G MF. Suppose that 


d ■ 


Fj 


d ■ 


j i] 


> d > 0 


for all {x, n) G M" X and i = 1,2,... ,m where f{x, u)~\ is the ij entry of the Jacobian 
matrix of f over the second variable u. Then there exists the unique mapping g: —)■ M"* 

such that f{x, g{x)) = 0. Moreover, g is continuous. If f is continuously differentiable, then 
so is g. 


Proposition 7.6. Let F G T[e) and Q be an invariant surface under F, which is the 
graph of function ^ = (ffi, on iv^yiRlfp) such that ||F^|| < for some 

Cq > 0. Then = (T”jp) ^(Q) is an invariant surface under K^F which is the graph of 
In = (In) In) • • • )0 ^ T^xy{B{RJ^F)) 'K^{B{R^F)) SUch that 

^nix,y) = cy{l + 0 {p^)) 

where c = (ci, C 2 ,..., Cm) for some constants Ci for 1 < i <m. 

Proof. The renormalization of F, R^F is (d^”ip) ^ o o Thus Qn = (tl^rip) 
is an invariant surface under R^F. Let us choose a point w' = {x', y', z') G Q fl F(^p where 
^up = ^rip(^(^”^)) andz' = $,{x',y') where |(x', |/') = [ffi{x',y'), i'^{x',y'), ... ,i'^{x',y')). 
Thus 


graph(l) = (x', y', $,{x',y')) = (x', y', z'). 

Moreover, let (T"jp) ^(x', y', z') = (x, y, z) G Qn- Thus by equation fl5.14p . each coordinates 
of TT as follows 


x' = an,Q{x + S^{w)) + an,otn,0 ' y + O-n,0Un,0 ■ (z + R„,o(2/)) 

y' = o-n,o • y 

Z O^n,0 dn, 0 ■ y T O'n,0 (z T R,j^^o(l/)) 


(7.2) 

(7.3) 

(7.4) 
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where w = (x, y, z). Let us show that Qn is the graph of a well dehned function = 
(Cn, • • • ,0 from 7r^y{B{K^F)) to 7r^{B{K^F)), that is, 2 ;* = ^^(x, y) for 1 < i < m. By 
the equations fl7.3p and fl7.4p . we see that 


(7.5) 


^n, 0 ' ^ ^ ^n, 0 frn, 0 ' V ^n, 0 I^n, 0 (l/) 

= y') - O-n ,0 d „,0 • y - O-n ,0 R-n,o(l/) 

= I ° {c^n,o{x + Sq{w)) + an,otn ,0 ' V + (^n, 0 ^n ,0 ' (z + R„,o( 2 /)), CTn, 0 2 /) 
^n,0 dn,0 ■ y ^n,0 Rn,o(2/)' 


Let us show the existence of the solution of 07.51) for z. Dehne the function G„ from B to 
TTzi^B). Each coordinate function G\ of G„ is 

G^(x,|/,z) = C ° {oin,o{x + Sq{w)) + • 2/ + o-„,ou„„o ■ (z + R„,o(2/)), o-n,o2/) 

- • y - (^77,0 Rn, 0 ( 2 /) “ 0 ' 

where z = [zi,Z 2 , ■ ■ ■, Zm) for 1 < i < m. Then the partial derivative of Gl^ over Zj is as 
follows 

d^.Gl,{x,y,z) = ° (an,o(2; + 5'o (w)) + CT„,o^n ,0 • 2 / + Crn,oU„,o ■ (z + Rn,o{y)), (Xn ,0 ' 2 /) 

• [an,0 ■ dz.SQ{w) + ul^ Qan,o] 

for i ^ j. Moreover, if i = j, then 

d^^Gl,{x,y,z) = d^C ° («n,o(a; + Sq{w)) + Un.oR.O • 2/ + Crn, 0 Un ,0 ■ (z + Kn,o{y)), ' 2/) 

• [an,o ■ 5^Ro(u;) + < oa„,o] - (^n,o 

Recall that an,o = + 0(p”)), an,o = || = 0[e) and qI = 

0(e) for all 1 < j < m. Then for m > 2, 

||a.,0 :|l<||a,,eil-[a2 -Ooe + a"Oie] 


for i j and for some positive numbers, Gq and Gi. Recall that ||u„,o|| ^ IIoil by the 
equation 05.12p and qI ^ I ^^j^l each 1 < j < m. Thus if small enough ||9z^|| is chosen 
for a small perturbation of the toy model map, then we may assume that 

1 „ 

II ^n, 0II ■ I ^n, 0 I ^ 


dOm^ 


a 


where the constant G > maxi<j<m || 9x^*1! • Then we may also assume that 

1 
4 




However, 


mm 

wGB(R^F) 


|d,,G*H| > I - lia^eil ■ [a^-Ooe + a^Oie] + |a„,o| | > - 


Let US consider the Jacobian matrix ( ^ G*(x, ?/, z) ) of z variables. Then the sum of 




absolute value of diagonal elements dominates the sum of all other elements for every big 
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enough n G M. Then applying Theorem 17.51 to the map Gn for every sufficiently big n G N, 
there exists the C*’’ map from 'Kxy{B{R^F)) to M™'. Furthermore, since each surface Qn is 
contractible, the function ^„(x,|/) is dehned globally by the continuation of coordinate 
charts. 


Let us calculate the bounds of the norm \\D^j^{x,y)\\. By 07.31) and 07.4p with chain rule, we 
obtain the following equations 




dx^ 

0 ^71., 0^72,0 ^n,0 * ^n,0 " (R-rijO) (l/)* 


By the equation 07.21) . each partial derivatives of as follows 

1 


(7.6) 


dx 

d^n 

dy 


0 

1 
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q;„,o( 1 + 45'o(w)) +(Tn,0^K 


n, 0 


i=i 


dA 

dx 


®n, 0 4*^0 (^) ffi ^n, o4, 0 T ^n, 0 ^ ^ ^n, 0 

i=i 


^n, 0 

+ 4^ ~ 4,0 ~ (R'n,o)^(l/)- 

Recall that cr„_o ^ (“<^)"') “n.o ^ for each n E N. Thus 

< ||4 l||Goa"<G£a^ 


A 

dy 


+ «o)'4) 


dx 

for some Cq > 0. Recall also that 114*^0 (ra)|| ^ CsS for some G 3 > 0 by Proposition 15.41 and 
moreover the values tn,o, and d„^o converge super exponentially fast to ^*, 0 , and 
d*^o respectively as n —)■ cx) by Lemma [5.31 Furthermore each partial derivatives dx${w) and 
dy^{w) to the value of each partial derivatives at the origin exponentially fast as u —)■ cx. 
We can show that (R.„^o)X 2 /) converges to zero exponentially fast by the estimation of R.„,o 
in Lemma 15.91 With all of these facts we obtain that 


= cy{l + 0{p^)) 


where c = 


t*,o ■ dx^irp) + dy^irp) - d*,o 


In other words, each coordinate of c is 


1 - • dx^{Tp) 

t*,o ■ dx^M + dyC{rp) - dl^Q 


Ci = 


1 - u*,o • dx^{Tp) 


where c = (ci, C 2 ,..., Cm) for 1 < i < m. 


□ 


34 






























8. Universality of conjugated two dimensional 

Henon-like map 


8.1. Renormalization of conjugated two dimensional Henon-like map. Let F G 

X[e) be a small perturbation of toy model map F^od £ 2r(e). Let Qn and Qk be invariant 
surfaces under BJ^F and R^F respectively and assume that k < n. Then by Lemma 17.61 
is the coordinate change map between and R^F from level n to k such that 

^kiQn) C Qk- Let us define C’' two dimensional Henon-like map 2 dFn,^ on level n as follows 

(8-1) 2dFn,i = o R^F \o 

where the map : {x^y) i—)■ (x, y, $,n{x,y)) is a diffeomorphism on the domain of 

two dimensional map, nxy{B). In particular, the map ^ 2^,4 is defined as follows 

( 8 . 2 ) F 2 d,^ix,y) = (fix) -e(x,|/,^), x) 

where graph(^) is a invariant surface under the m + 2 dimensional map F: {x,y,z) 1 —)■ 
(/(x) — e{x,y,z), X, 6{x,y,z)). Let us assume that 2 < r < 00 . By Lemma iTTl the 
invariant surfaces, Qn and Qk are the graph of maps ^„(x,|/) and ^ki^yU) respectively. 
Then we can apply techniques for two dimensional conjugated map in three dimension to 
the maps in m -|- 2 dimension. All results in this and following section are the same as those 
of two dimensional Henon-like maps by invariant surfaces in three dimension. See Section 4 
and Section 5 in [Nam3] . 

The map 2 ^^^ ^ tip defined as the map which satisfies the following commutative diagram 

(Qn; ^n) ^ {,Qk-) '^k) 


T 2d tip 

(^2dBrL') ^2d, n) ^ (^2dBk') 'T~2d, k') 

where Qn and Qk are invariant surfaces with 2 < r < oc of R^F and R^F respectively and 
TTxy, n and ^ are the inverse of the graph maps, (x, y) i-G- (x, ?/, and (x, y) e-)■ (x, ?/, 
respectively. 

Using translations Tk '■ w ^ w — Tk and Tn : w w — Tn, we can let the tip move to the 
origin as the fixed point of the new coordinate change map, := o o T~^ defined 
on Section 15.11 Thus due to the above commutative diagram, the corresponding tips in 2 dBj 
for j = k,n is changed to the origin. Let Tr^yoTj be T2d, j for j = fc, n. This origin is also the 
fixed point of the map 2 ^ 4 ^^, ^■=T 2 d,k° 4 , tip ° T^d^n where T 2 d, j = T^xy o Tj with j = k, n. 

By the direct calculation, we obtain the expression of the map ^ as follows 

2d^li = 


71. 


^y, 
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(8.3) 


= 7T j O 
xy, k 


^n,k ^n,ktn,k ^n,k^n,k 
^n, k 

^n,k ^n^k ^n,k * Id^T^xm 


x + S] 


k,i 


“1“ ^n,k{y) 

(o^n, k “1“ ^k,^^ k^n, kV ^n, k^n, k ' (^n ^n, k (l/) ); ^n, kV) 


where = S^{x,y,i^{x,y)). Then 


Jac 2 d^fc,^= det 


*^n, k 


l + d^Sl^ + Y^ ^k, $ ■ J +(^n,k U„, k ■ d^i^_ 

i=i 

0 


\ 


^n, k J 


(8.4) 


— ^n, k 1 ^n, k 


1 + ^ j + (T„,fc u„,fc • j. 

i=i 


If F G X(e) has the invariant surfaces as the graph from x P to P on every level, 
then is the conjugation between { 2 dFk,^Y and 2 dFk+i,^ for each fc G N. Then the 

two dimensional map F 2 d,^ is called the formally inhnitely renormalizable map with C"’ 
conjugation. Moreover, the map dehned on the equation (IS.dh with n = k + 1, 2 d^k^l 
preserves each horizontal line and is the inverse of the horizontal map 


{x, y) H- {fk{.x) -ek{x,y,^k), y) ° {^kX, aky) 
by Proposition 18.11 as follows. 


Proposition 8.1. Let the coordinate change map 2 d^kti between {2dFk,^Y ^.nd 2 dFk+i,^ he 
2 d^k^l which is defined on flS.dh as the conjugation. Then 


q>fc+i _ zy-l Q A-l 

for every G N where Hk,^{x,y) = {fk{x) - ek{x,y,^k), y) and Kl^{x,y) = (cTfcX, aky). 


Proof. Recall the dehnitions of the horizontal-like diffeomorphism Hk and its inverse, 
as follows 


-1 


Hk{w)= {fk{x) - Ekiw), y, z- dk{yJk\y),0)) 

Fk\w)= i<Pk\'^)^ ^ + SkiyJk\y),o)). 

Observe that Hk o = id and fk o (j)'^^{w) — Sk o Hjf^{w) = x for all points w G A^^(i?). 
Then if we choose the set ak ■ graph(^^_,_^) C A^^(i?), then the similar identical equation 

holds. By the dehnition of the map 2 d^k,i^ following equation holds 
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(8.5) 


2d 




k+l 

k,i 


{x,y) 


'^U° °-^k\^^y^^k+i) 

T^ly ° H^^{(^kX, akV, CTfc^fc+l) 

{(l^k^{(^kX, akV, (Tk^k+i), ^kV, lfc(0fc\c^fcl/)) 
(0^^((TfcX, akV, (Tk^k+i), fXkV)- 


In the above equation, (*) is involved with the fact that graph(^;j^]^)) C graph(^;j,). 

Let us calculate o 2 d^^l{^-:y)- The second coordinate function of it is just akV- The 
first coordinate function is as follows 

fk^4’k {^kX, CrkVi (Xk^k+l) ^k{4’k {^kX, CrkVi <7fc'Cfc+l)) (^kVi ^fc(0fc ^ ^ky)') 

(*) ~ fk (j^k i^kX, (Tky-i (Xk^k+l) ° {(TkX, (Tky-, O'fc^fc+i) 

= (TkX. 

Hence, Hk,^ o 2 d:^k^li.x,y) = {akX, aky). However, Hk,^ o [H^^^{x,y) o kl^{x,y)) = 
{akX, (Tky). Therefore, by the uniqueness of the inverse map of Hk^^{x,y), 

□ 

Proposition 18. ll enable us to define the renormalization of the two dimensional Henon-like 
maps as the extension of renormalization of the analytic Henon-like maps. 

Definition 8.1. Let F : {x,y) {f{x) —e{x,y), x) be a C"” Henon-like map with r > 2. If 

F is renormalizable, then RF, the renormalization of F is defined as follows 

RF = {Ao H)o F^ o (Lf-i o A-i) 

where H{x,y) = (/(x) — e{x,y), y). Define the linear scaling map A{x,y) = {sx,sy) if 
s : J —)■ / is the orientation reversing affine scaling and J is minimal such that J x J is 
invariant under H o F"^ o . 


If F is renormalizable n times, then the above dehnition can be applied to R^F for 1 < k <n 
successively. Two dimensional map 2 dFn,^ with the function is the same as R^F 2 d,^ 
by Lemma ISTl and the above definition. Thus if the maps 2 dFn,^ are defined on every u G N, 
then the map 2 dFn,^ is realized to be R^F 2 d,^ and it is called the renormalization of F 2 d,^- 

8.2. Universality of two dimensional Henon-like maps. Recall that Q is an F in¬ 
variant surface which is tangent to over the critical Cantor set Op. The critical Cantor 
set restricted to any invariant surface Q, say Of\q, is the same as Op- The ergodic measure 
on Op^^^ is defined as the push forward measure p on Op by the map 7 r|^. In particular, it 
is defined as follows 

/^2d,€(vr|^(OF n BD) = y2d,i{'xiy{Op) n vr|^(F”)) = 
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Since vr|j^(OF) is independent of fi 2 d,^ is also independent of Then we suppress ^ in the 
notation of the measure H 2 d- Let us define the average Jacobian of F 2 d,^ 


b 2 d = exp 


'Of,. 


logJacFad,^ d/iad- 


Observe that this average Jacobian is independent of the surface map 

Lemma 8.2. Let F G X(e) with a sujjiciently small perturbation of toy model map satisfying 
||5z<5|| < b2d- 0 Suppose that there exist K^F invariant surfaces each of which, say Qn, is 
tangent to over the critical Cantor set for 2 < r < oo. Suppose also that Qn = graph (£„) 
where is map from r x Jy to Let R^F 2 d,^ be o F„| o (ttU)-' for each n>l. 
Then 

J^cR^F2d,^ = hZ a(x)(l + 0(p")) 

where b 2 d Is the average Jacobian of F 2 d,^ and a{x) is the universal function of x for some 
positive p < 1. 

Proof. By the distortion Lemma 14.11 and Corollary 14.21 we obtain 

JacFZ^ = bi:{l + 0{pn). 

Moreover, the chain rule implies that 


Jac R^F 2 d,^ = h 


Jac 


2d 


il + 0{p-)) 


Jac 2 d^o^^{R'^F 2 d,i{w)) 

where w = (x, y, z). After letting the tip on every level move to the origin by the appropriate 
linear map, the equation (18.41) implies that 

(8.6) = cr„,o(an,o • dx{x + So{x,y, + cr„,ou„,o • 4ln)- 

Then in order to have the universal expression of the Jacobian, we need the asymptotic of 
the following maps 

O'n.O 


4 (x +Ao(x, 2 /, and 


0 


dxC 


By Lemma [5.91 


x + SQ{x,y,$Q)=v^{x) + aFy‘^ + '^aF,jy-^i+ ^ qf^j Cn ■ + Oip"") 

j = l 

with C' convergence where n*(x) is the universal function. Thus 

m 

d^{x + S^{x, y, = n'(x) + ^ qfj y ■ ^ {d^Cn ' Cn + C ' dxfi) + 0{p^). 

j=l 

By Lemma ITTI we see ||5x^nll < Cea'^. Then 

(8.7) d^{x + S'o (x, y, |„)) = x^x) + 0(p”). 

By the equation (17.61) in Lemma 17.61 


6 


Every matrix norm is greater than equal to the spectral radius of any given matrix. 
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(^n,0 


Thus we obtain that 


Q!n,o dx 
0 

an,o dx 


= ■ [l + r%SS{x,y, u + ^ U„,„. ^ 

L an,o ox 

dMx,y) (i + d^s^(x,y,(,j) 


1 - Un,o • d^^{x,y) 

where {x,y) G B{F 2 d,^) for 1 < z < m. Moreover, {x,y) converges to the origin (0,0) as 
n —)■ oo exponentially fast by Corollary 13.21 

diam( 2 dT”^( 5 )) < diam(T"(5)) < Ca” 

for some C > 0. In addition to the exponential convergence of dx^{x,y) to 93 ;^( 0 , 0 ), o 
converges to u* o super exponentially fast. Then, 

(8-8) ^ U„,0 • . vi{x) + 0{p'^). 

Let {x',y') = w' = R^F2d,^{w). Then we obtain 


^n, 0 


(8.9) 


lar 8)" (t/,'1 1+9a(-So.s(“'')) + ^ Un,0'Si?„(l,9) 

an ,0 


Jac 


2 d 




1 + 4(^0,$(w')) + u„,o • d^^^{x',y') 


^n, 0 


where 5*0 (x,z/, = SQ ^{x,y). The translation does not affect Jacobian determinant and 

each translation from tip to the origin converges to the map w ^ Too exponentially fast 
where Too is the tip of two dimensional degenerate map F^{x,y) = (/*(x), x) which is the 
renormalization hxed point. Then by the similar calculation in Theorem 15.101 the equation 
fl8.9p converges to the following universal function exponentially fast. 

( 8 , 10 ) 


JaC 2 d'I'S,£(«>) 

lim ---—— 

n^oo JaCowtbn tiw' 


V'AX - 71^{Too)) + X'*{X - 71^{Too)) 

1 - U*,o ■ Oa:^{T^xy{TF)) 


2d-0,$V- ) - TTyiToo)) + ^*’0 <(/*(^) “ ^vi^oo)) 


U*,0 • dx^{TTxy{TF)) 


V'AX - T^x{Too)) 

Viif*{x) - '^y{Too)) 


= a{x). 


□ 


Theorem 8.3 (Universality of Henon-like maps with conjugation for 2 < r < cxd). 
Let Henon-like map F 2 d,^ be the C"” map with 2 < r < oo which is defined on fl8.2l) . Suppose 
that F 2 d,^ is infinitely renormalizable. Then 

( 8 . 11 ) R^F 2 d,i{x,y) = {fn{x)-bl"^a{x)y{l + 0{p^)), x) 

where b 2 d is the average Jacobian of F 2 d,^ and a{x) is the universal function for some 0 < 

p < 1 . 

Proof. By the smooth conjugation of two dimensional map and Fn\Q„, we see that 

R^F 2 d,^{x, y) = {fn{x) -en{x,y,^J, x) 

Let En{x,y,^^) be £„^^^(x,z/). Then the Jacobian of R^F 2 d,^ is dyen,^^{x,y). By Lemma 
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E]21 dyen,iS^,y) = ^Td a(2;)(l + C>(p”)). Then 

y) = bf^ a(x) y (1 + 0(p^)) + l/n(x). 

The map Un{x) which depends only on the variable x can be incorporated to fn{x). □ 


Theorem 8.4. Let R^F G he the map with invariant surfaces Qk = g^pK^if) tangent 

to over the critical Cantor set. Then the coordinate change map 2 d^k,^ follows 

(8.12) 2d'^ k,^ (oin, fc(^'h 2dSj^ (iC ')') F O'n^k ' 2dtn, k ' h i (^n,k 

where x + 2 dSk{w) has the asymptotic 

X + 2 dSk{w) = v^{x) + aF,ky'^ + 0{p'^~^) 

where \aF^k\ = 

Proof. By Proposition 18.11 the coordinate change map, 2 d^'k i is the composition of the 
inverse of horizontal diffeomorphisms with linear scaling maps as follows 

Huk ° A-i o H-l,^ ^ o o ... o o 

Then after reshuffling non-linear and linear parts separately by the direct calculations and 
letting the tip move to the origin by the appropriate translations on each levels, the coordi¬ 
nate change map is of the form 08.121) . However, the calculation in Section 7.2 in |CLMj can 
be used because analyticity is not required for any calculation of recursive formulas. Thus 
we have the following estimation 

X + 2 dSl{x, y) = v^{x) + Of, ky'^ + 

where \aF,k\ = 0{e'^’‘). Alternatively, let us choose the equation 08.31) 

2d^k,^ (o^n, k{,X F ^k,^') T ^n, k^n, fc 2/ T ^n, k ' T fc(2/)); ^n, ky') 

where SJl^^{x,y) = S^{x,y,^^{x,y)). By Proposition 17.61 the map is 

y) = cyF r}{y) F 0{p^) 

where rj = [pi, 772 ,..., Pm) is quadratic or higher order terms with ||77||ci ^ for some 

Co > 0 . Recall that converges to u* ^ super exponentially fast and ||Rn,fc|| < Cicr"“^ 
for some Ci > 0. Recall also that an,k = -|-0(p”)) and an,k = (—cr)”“^(l -|-0(p")). 

Hence, we dehne each terms of appropriately 

2dSk{x,y) = S'f^^{x,y) + • [in(^,2/) “ C2/+ R„,fc(2/)] 

^77, k 

2d^n.,k ^n,A: “1“ /c ' ^ 

as desired. □ 
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9. Unbounded geometry of critical Cantor set 


The unbounded geometry of the Cantor set, Op of small perturbation of the toy model map, 
F G F{e) with hi ^ || 5 z< 5 || is involved with that of the map on the invariant surfaces of each 
level, F\ Q. Since the conjugation preserves this property, the fact that the Cantor set of 
Henon-like map F2d has the unbounded geometry is sufficient to show the same property 
of Op. 

Recall that the minimal distance between two boxes - 81,-82 is the inhmum of the distance 
between all points of each boxes, distmin(- 8 i,- 82 ). 


Definition 9.1. F G F{e) has bounded geometry if 

distmin(5”+\ - 8 ;;,+^) X diam(- 8 ;;,+^) for u G {n, c} 
diam(- 8 ”) x diam(- 8 ”'^^) for u G {v, c} 
for all w G and for all n > 0. 

By the dehnition of each if F does not have bounded geometry, then we call Op has 
bounded geometry. Otherwise, we call Op has unbounded geometry. 

Let F 2 d be an inhnitely renormalizable two dimensional Henon-like map and bi be the average 
Jacobian of F2d- Then the unbounded geometry of the Cantor set depends on Universality 

nk 

theorem and the asymptotic of the tilt, —tk x bf but it does not depend on the analyticity 
of the map. Moreover, unbounded geometry holds if we choose n > k such that 62 ^ 
for every sufficiently large k. This is true on the parameter space of b 2 d almost everywhere 
with respect to Lebesgue measure. 

Theorem 9.1 i [HLM] ). The given any 0<Ho<Hi,0<cr<l and any p > 2, the set of 
parameters b G [0,1] for which there are infinitely many 0 < k < n satisfying 

A 

is a dense Gs set with full Lebesgue measure. 

Theorem 9.2. Let m + 2 dimensional Henon-like map, F G T{e) he a small perturbation 
of the toy model map with ||i9z<5|| -C hi where bi is the average Jacobian of F 2 d,^- Let Fb^ be 
the parametrized m-\-2 dimensional Henon-like map for bi G [60, b,] where H^z^H <^60 < &•■ 
Then there exists Gs subset S with full Lebesgue measure of [bo,b,] such that the critical 
Cantor set Op,^^ has unbounded geometry. 

Proof. The comparison of minimal distances between two adjacent boxes and the diameter 
of each boxes for every level. Two dimensional invariant surface under enable us to apply 
the proof of two dimensional Henon-like maps. See the proof of Theorem 6.3 in [Nam3] for 
unbounded geometry of the critical Cantor set. □ 
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